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The B-mode polarization of the cosmic microwave background (CMB) radiation is an excellent
information channel for the detection of relic gravitational waves. However, the detection is con-
taminated by the B-mode polarization generated by some other effects. In this paper, we discuss
the contaminations caused by the cosmological birefringence, which converts the CMB E-mode to
the B-mode, and forms the effective noise for the detection of gravitational waves. We find that
this contamination is significant, if the rotation angle is large. However, this kind of B-mode can
be properly de-rotated, and the effective noises can be greatly reduced. We find that, comparing
with the contaminations caused by cosmic weak lensing, the residual polarization generated by the
cosmological birefringence is negligible for the detection of relic gravitational waves in the CMB.
PACS numbers: 98.80.Es, 98.80.Cq, 98.70.Vc
I. INTRODUCTION
The temperature and polarization anisotropies of the cosmic microwave background (CMB) radiation contain fruitful
cosmological information, and play crucial roles in the determinations of various parameters in modern cosmology. In
particular, the CMB anisotropies provide the unique observational way to detect the relic (primordial) gravitational
waves, which was inevitably produced in the very early Universe [1, 2]. Relic gravitational waves left the observable
imprints in all the CMB power spectra, including the TT, TE, EE and BB information channels. Limited by the
cosmic variance, if the tensor-to-scalar ratio r < 0.05 [3, 4], the TT, TE and EE channels become useless, and we
can only detect it in the B-mode polarization [5, 6], which is one of the most important goals for the CMB efforts
[7, 8]. The current satellite observations, including those of the WMAP [9] and Planck missions [10], are yet to detect
a definite signal of relic gravitational waves. However, the recent observations of the ground-based experiments, such
as the BICEP1, SPTPOL, POLARBEAR, ACTPOL telescopes, have given some interesting results for the B-mode
polarizations [11–14]. In particular, the BICEP2 team released their recent data, and claimed the discovery of relic
gravitational waves with the tensor-to-scalar ratio r = 0.20+0.07
−0.05, and r = 0 disfavored at 7.0σ [15]. However, it has
been shown that this observation is also consistent with the polarized radiation emitted by the poorly-understood
interstellar dust [16–18]. In order to distinguish them, one should measure the B-mode polarization at the different
frequency channels by BICEP2 or some other experiments (such as the Planck satellite, BICEP3, EBEX, QUBIC and
so on). Nevertheless, these results encourage us to put the gravitational-wave detection through the CMB polarization
as a highest priority for the next generations of the CMB experiments [7, 8]. In addition, we should mention that
it is important to cross-check the CMB results by the other large-scale observations. For example, in the previous
works [19, 20], the authors found that the relic gravitational waves can distort the shapes of galaxies through the
effects of tidal fields of the large-scale structure and the gravitational lensing, and form the B-modes in galaxy shape
correlations, which can also be used to detect the signal of gravitational waves [21, 22]. In [22], the authors discussed
in detail the possibility of the gravitational-wave detection by using the cross-correlation between shear and CMB
B-mode polarization, and found that it is quite possible to confirm or falsify the BICEP2 results, if the next-generation
surveys beyond EUCLID, WFIRST, and LSST are considered.
In the standard cosmological model, up to the first-order perturbations, both the vector and tensor perturbations
[5, 6] have the possibilities to generate CMB B-mode. However the vector perturbations usually decay quickly in
the expanding universe and can be ignored in CMB physics. Hence significant primordial CMB B-mode can only
be generated by the tensor perturbations, i.e., the relic gravitational waves. In principle, such signals for the relic
gravitational waves cannot be polluted by the primordial density perturbations, which is the reason why the method
of detecting gravitational waves through CMB B-mode is clean. However, in the real Universe, the detection ability of
the method is limited by various contaminations. In addition to the foreground radiations, various systematic errors,
the E-B mixture caused by the incomplete sky survey, and the instrumental noises in the real observations, some other
effects can also naturally generated the B-mode polarization. The well-studied one is the cosmic weak lensing, which
mixed the E-mode and B-mode polarizations, and forms a nearly multipole-invariant BB power spectrum [23, 24].
2Another effect to produce the B-mode polarization is the so-called cosmological birefringence, which can be caused
by the possible coupling between the electromagnetic field and the scalar field (which may or may not be identified
as the dark energy) through the Chern-Simons term [25–28]. The cosmological birefringence generates a frequency-
independent rotation of the linear polarization of the CMB photons when they propagate over the cosmological
distances. So the B-mode polarization can be naturally converted from the E-mode, even if it is absent in the early
universe. This phenomenon resulted from the Lorentz and CPT violations in the electrodynamics provides an effective
method to test fundamental symmetries of nature and attracted many interests. It is similar to but different from the
Faraday rotation caused by the cosmological magnetic field [29–31], where the rotation of the polarization depends
on the frequency of the photon. In this paper the “cosmological birefringence” only means the frequency-independent
rotation, as in Refs. [25, 26]. For this phenomenon, the rotation of the CMB photons is only quantified by the
rotation angle α. Numerous works have constrained it by using the current CMB data, and show some evidences of
the nonzero result [32–34]. The current tightest constraint comes from the data analysis in [34], where the author
found that α = −2.28±1.02 deg (1σ) when considering the seven-year WMAP, BOOMERanG 2003 and BICEP data.
This follows that |α| < 4.32 degree in the 2σ confidence level. However, we should remember that this result is still
in debate. For instance, in the same paper, the author also found that −1.34 < α < 0.82 degree at 95% confidence
level, if adding the QUaD polarization data.
In this paper, we shall investigate the CMB B-mode polarization produced by the cosmological birefringence,
and focus on its influence on the detection of relic gravitational waves. We find that this B-mode could be quite
large, if the rotation angle is close to the current upper limit value. If considering this B-mode as a new effective
noise, the gravitational-wave detection in the CMB is impossible when r < 0.0014. So, it is important to remove
this contamination for the future observations. In our discussion, we propose a method to de-rotate it by utilizing
the statistical properties of the E-mode polarization, and those of the estimator of α parameter. We find that, if
considering the de-rotating, the residual B-mode polarization becomes very small. Comparing with contamination of
the cosmic weak lensing, the residuals become negligible for the detection of gravitational waves.
The outline of this paper is as follows. In Sec. II, we briefly introduce the cosmological birefringence and the
rotated CMB linear polarizations. In Sec. III, we discuss the method to de-rotate the CMB B-mode polarization,
and the influence on the gravitation-wave detection. In Sec. IV, we summarize the main results of this paper.
II. CMB POLARIZATIONS AND THE COSMOLOGICAL BIREFRINGENCE
The CMB linear polarization can be described by the Stokes parameters Q and U . In general, these two fields on
the sky can be expanded as follows,
(Q ± iU)(nˆ) =
∑
ℓm
(Eℓm ± iBℓm) ±2Yℓm(nˆ), (1)
where ±2Yℓm(nˆ) are the spin-weighted spherical harmonics and we have already considered the E/B decomposition.
The power spectra are defined by
CEEℓ =
1
2ℓ+ 1
∑
m
〈EℓmE∗ℓm〉, CBBℓ =
1
2ℓ+ 1
∑
m
〈BℓmB∗ℓm〉, (2)
where the brackets denote the average over all realizations. Under the assumption of Gaussian and the statistically
isotropic fields, the statistical properties of the CMB maps are specified fully by these polarization spectra EE and
BB, auto-correlation of CMB temperature anisotropy TT, and their cross-correlations TE, TB and EB. Note that,
in the cases without the cosmological birefringence, CTBℓ = C
EB
ℓ = 0 due to the parity symmetry of the universe.
Besides the cosmological birefringence, non-zero TB and EB correlations can also be produced by the Faraday rotation
when the CMB photons pass through a cosmological magnetic field with a non-zero helicity [30], which sets a special
direction in the universe and spontaneously breaks the spatial isotropy as well as the parity symmetry along this
direction. This case is beyond the scope of this paper.
Now, let us consider the Chern-Simons coupling between the scalar field ϕ and the CMB photons
Lint = βϕ
2M
Fµν F˜µν , (3)
where Fµν is the electromagnetic field-strength tensor and F˜
µν = 1/2ǫµνρσFρσ is its dual, β is the dimensionless
coupling constant and M is the new energy scale of the theory. In this paper, we will not consider the fluctuations of
the scalar field [35–37], which has be discussed in the separate paper [38]. We assume that the scalar field is spatially
3homogeneous but changing with time. When the CMB photons propagate from the last scattering surface (LSS) to
us, their polarization planes are rotated by an angle α through the Chern-Simons term due to the Lorentz and CPT
violations [35],
(Q± iU)rd(nˆ) = e±2iα(Q± iU)(nˆ) , (4)
where the superscript rd denotes the rotated variables and the variables without it are those if the cosmological
birefringence is absent. The rotation angle α is given by α = β∆ϕ/M [35, 39], and ∆ϕ = ϕ0 − ϕLSS is the change of
ϕ from the LSS to the present time. Correspondingly the rotated E-mode and B-mode coefficients become
Erdℓm = cos(2α)Eℓm − sin(2α)Bℓm, Brdℓm = sin(2α)Eℓm + cos(2α)Bℓm. (5)
So, except the TT spectrum all other CMB power spectra change as
CTE,rdℓ = C
TE
ℓ cos (2α) ,
CTB,rdℓ = C
TE
ℓ sin (2α) ,
CEE,rdℓ = C
EE
ℓ cos
2 (2α) + CBBℓ sin
2 (2α) ,
CBB,rdℓ = C
EE
ℓ sin
2 (2α) + CBBℓ cos
2 (2α) ,
CEB,rdℓ =
1
2
sin (4α)(CEEℓ − CBBℓ ) . (6)
The full set of these formulae were first written down in Ref. [32] and used for detecting or constraining the cosmological
birefringence in the data analysis. In these formulae we have not included possible TB and EB correlations produced
at early universe, e.g., the asymmetric tensor perturbation generated during inflation through gravitational Chern-
Simons term would result non vanished TB and EB cross correlations on LSS [26]. Relevant formulae for this more
general case can be found in Ref. [28]. It deserves pointing out that the model (3) is not the unique one to have the
rotation effect described by Eqs.(6). Some other models, such as the model proposed in [40], have the same effect.
More general Lorentz violating models producing birefringence through different dimensional operators have been
discussed in [41]. Among these models, the Chern-Simons model (3) considered in this paper is the simplest and most
studied one in the literature.
In this paper, we reasonably assume a small rotation angle, i.e., |α| ≪ 1. So the relations in Eq.(5) reduce to
Erdℓm = (1− 2α2)Eℓm − 2αBℓm, Brdℓm = 2αEℓm + (1− 2α2)Bℓm, (7)
and the rotated CMB power spectra become
CTE,rdℓ = (1− 2α2)CTEℓ ,
CTB,rdℓ = 2αC
TE
ℓ ,
CEE,rdℓ = (1− 4α2)CEEℓ + 4α2CBBℓ ,
CBB,rdℓ = (1− 4α2)CBBℓ + 4α2CEEℓ ,
CEB,rdℓ = 2α(C
EE
ℓ − CBBℓ ) . (8)
Now, let us focus on the B-mode power spectrum. Using Eq. (8), we plot the BB spectrum in Fig. 1, where we have
set the unrotated BB spectrum to zero. The amplitude of CBBℓ is proportional to α
2. If |α| = 4.32◦, the current 2σ
upper limit value, we find the rotated BB spectrum is quite large. It is interesting to compare it with the BB power
spectrum generated by the relic gravitational waves. The recent Planck data give the constraint on the amplitude
of gravitational waves r < 0.11 [10]. From Fig.1, we find the rotated CBBℓ is larger than that of gravitational waves
nearly in all the multipole range, even if the upper limit of the gravitational waves is considered.
For the detection of relic gravitational waves in the CMB, the rotated B-mode power spectrum is an effective noise,
which can limit the detection ability of the method. To quantify it, we define the signal-to-noise ratio for the detection
of gravitational waves as follows [4, 42]
S/N =
√√√√∑
ℓ
(
CBBℓ (g.w.)
∆CˆBBℓ (g.w.)
)2
, (9)
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FIG. 1: The black solid lines denote the B-mode power spectra generated by the cosmological birefringence effect. From the
upper one to the lower one, we have considered the cases with the rotation angle |α| = 4.32◦, 1◦, 0.1◦, 0.01◦, respectively.
The blue dashed lines are the B-mode spectra generated by the primordial gravitational waves with the tensor-to-scalar ratio
r = 0.1 (upper), 0.01 (middle), 0.001 (lower). The red curve shows the B-mode caused by the cosmic weak lensing.
where CBBℓ (g.w.) is the BB spectrum generated by gravitational waves, and Cˆ
BB
ℓ (g.w.) is the estimator. ∆Cˆ
BB
ℓ (g.w.)
is the statistical uncertainty of the estimator, which can be approximated by
∆CˆBBℓ (g.w.) =
√
2
(2ℓ+ 1)fsky
(CBBℓ (g.w.) +N
BB
ℓ (g.w.)), (10)
where fsky is the sky-cut factor, and N
BB
ℓ (g.w.) includes all the effective noises in the detection. Here, we shall focus
on the contamination cased by the rotated B-mode. So, we set fsky = 1, i.e., a full-sky observation, and assume
NBBℓ (g.w.) = C
BB,rd
ℓ , i.e., the contaminations come only from the rotated B-mode polarization. Given the values of
the tensor-to-scalar ratio r and the rotation angle α, we can calculate the S/N by using Eq.(9). For a fixed rotation
angle, a larger r follows a larger S/N . We define the quantity rmin, which is the minimal r value corresponds to
a signal-to-noise ratio S/N ≥ 2. So, the value of rmin stands for the detection limit of the method. In Fig.2, we
plot the rmin as a function of α (black line). For the case with |α| = 4.32◦, we have rmin = 0.0014, which means
that if r < 0.0014, the detection of gravitational waves become impossible due to the contamination caused by the
cosmological birefringence. When |α| = 1◦, the detection limit becomes rmin = 8 × 10−5, which is still a quite high
limit.
III. DE-ROTATING AND THE RESIDUAL B-MODE POLARIZATION
To simplify the problem, in this section, we further assume the absence of the CMB B-mode polarization in the LSS.
From the second formula in Eq.(7), we know that the rotated B-mode coefficients Brdℓm depend only on the rotation
angle α, and the unrotated E-mode coefficients Eℓm. So, if the values of α and Eℓm are known, one can completely
reconstruct the B-mode polarization, and subtract it from the observable data. In the real observations, although none
of them can be completely known from the observations, their statistical properties are well known. So, in principle,
we can partly reconstruct the Brdℓm, and the residuals are expected to be much smaller. For the E-mode coefficients,
we can easily construct their estimators Eˆℓm, which satisfy the Gaussian distribution with the zero expected value.
Their variances are given by 〈EˆℓmEˆ∗ℓm〉 = CEEℓ + NEEℓ W−2ℓ , where CEEℓ is the EE power spectrum, NEEℓ is the
instrumental noise power spectrum, and Wℓ is the beam window function of the CMB detector.
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FIG. 2: The detection limit of tensor-to-scalar ratio for the cases with different rotation angle |α|. In all the cases, we have
only considered the residual B-mode power spectrum generated the cosmological birefringence as the contaminations. The solid
line denotes the result when we do not consider the de-rotating. The dashed line shows the results for the case, in which the
de-rotating is proceeded by considering the Planck noises, the dash-dotted line is for the CMBPol noise case, and the dotted
line is for the case of the reference experiment.
For the rotation angle, we can also build the estimator αˆ. The distribution function can be approximated as
a Gaussian function. Since we anticipate the estimator is unbiased, we have the expected value 〈αˆ〉 = α. The
variance of the estimator can be determined from the real data analysis, which can be exactly obtained by using the
Markov-chain Monte-Carlo likelihood analysis for the real data or mock data [43]. In this paper, we approximate it
by using the Fisher information matrix technique [44], which has been proved to be an excellent approximation for
the determination of the observational uncertainties of the parameters, and been widely used in various parameter
evaluations in cosmology. For the CMB case, the Fisher matrix is
Fij =
∑
ℓ
∑
XX′
∑
Y Y ′
∂CXX
′
ℓ
∂pi
Σ−1(CˆXX
′
ℓ , Cˆ
Y Y ′
ℓ )
∂CY Y
′
ℓ
∂pj
, (11)
where pi are the parameters to be determined, XX
′ and Y Y ′ can be TT, EE, BB, TE, TB, EB, depending on which
information channel will be considered in the data analysis. The covariance matrix of the estimators is given by
Σ(CˆXX
′
ℓ , Cˆ
Y Y ′
ℓ ) =
CXYℓ CX
′Y ′
ℓ + CXY
′
ℓ CX
′Y
ℓ
(2ℓ+ 1)fsky
, (12)
where CXYℓ ≡ CXYℓ +NXYℓ W−2ℓ . Once the Fisher matrix is calculated, the variances of the parameter estimators can
be evaluated by (∆pˆi)
2 ≡ 〈(pˆi − 〈pˆi〉)2〉 = F−1ii. Similar to the previous work [37], in this paper, we only consider
the TB and EB information channels, which dominate the contribution for the detection of cosmological birefringence
in the CMB. In addition, only the rotation angle α is consider to be the parameter, which will be determined in the
analysis. For the other cosmological parameters, we assume they have been well determined by the CMB channels
TT, EE, BB and TE.
In the first case, we consider the noise level of the Planck satellite [45]. The best frequency channel is at 143GHZ, in
which the noise power spectra are [46] NEEℓ = N
BB
ℓ = 2N
TT
ℓ = 2.79× 10−4µK2 for the 28-month survey. The beam
full width at half maximum (FWHM) is θFWHM = 7.1
′, and the effective sky-cut factor is expected to be fsky = 0.65.
We plot the value of ∆αˆ in Fig.3 (dashed line), which is ∆αˆ ≃ 0.85× 10−3, nearly independent of the input rotation
angle α. As another example, let us consider the potential CMBPol mission, which is the fourth generation of the
CMB experiments [47]. For the best frequency channel at 150GHz. The noise power spectra are expected to be
[46–48] NEEℓ = N
BB
ℓ = 2N
TT
ℓ = 0.83× 10−6µK2, more than two orders smaller than those of Planck satellite. The
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FIG. 3: The uncertainties of the rotation angle ∆αˆ as a function of |α|. The black dashed line shows the results if the Planck
noises are considered, the black dash-dotted line is for the CMBPol noise case, and the black dotted line is for the case of the
reference experiment.
beam FWHM is θFWHM = 5
′, and the effective sky-cut factor is fsky = 0.8. For this case, we can calculate the values
of ∆αˆ, which are also presented in Fig.3 with dash-dotted line. We find that, when the input angle |α| is smaller
than 0.01, ∆αˆ = 2.7 × 10−5, nearly independent of the α value. However, if |α| > 0.01, the larger input α follows
a larger ∆αˆ. When |α| = 4.32◦, the current upper limit value, we have ∆αˆ = 0.8 × 10−4. In addition, similar to
the previous work [49, 50], we shall also consider a ‘reference’ experiment as a far-future CMB observation. For this
experiment, we assume the detector noise is ∆p =
√
2∆T = 1µK-arcmin, which corresponds to the noise power spectra
NEEℓ = N
BB
ℓ = 2N
TT
ℓ = 0.85× 10−7µK2. The beam FWHM is assumed to be 1′, and the sky-cut factor is assumed
to be 1. For this ideal case, the value of ∆αˆ could be low as 0.7 × 10−5, which can be found from the dotted line in
Fig.3.
Similar to the de-lensing method for the CMB polarization proposed in [50, 51], we can also de-rotate the B-
mode polarization caused by the cosmological birefringence. Given the reconstructed αˆ described above, and noisy
observation of the E-mode Eˆℓm, we can define the estimator Bˆℓm in a most general form,
Bˆℓm = f(ℓ,m)αˆEˆℓm, (13)
where f is a function of ℓ and m. Thus, the residual B-mode power spectrum is given by
CBBℓ (residual) = 〈(Brdℓm − Bˆℓm)(Brd∗ℓm − Bˆ∗ℓm)〉. (14)
We minimize the residual power spectrum, which determines the function f in Eq.(13) as follows
f(ℓ,m) = 2Θℓ, (15)
where Θℓ ≡ α2α2+(∆αˆ)2
CEE
ℓ
CEE
ℓ
+NEE
ℓ
W
−2
ℓ
. The corresponding residual BB power spectrum is
CBBℓ (residual) = 4α
2CEEℓ (1−Θℓ). (16)
By using the value of ∆αˆ and the noises of the CMB experiments, in Fig.4 we plot the residual BB power spectrum
for the cases of |α| = 4.32◦ and |α| = 0.1◦, respectively. In the former case, we find that the residual spectra become
more than two orders smaller than the original one, if the de-rotation is proceeded by considering the noises of the
CMBPol or the reference experiment. In addition, they are all much smaller than the residual BB power spectrum
caused by the cosmic weak lensing. In the latter case, the residuals are even smaller, which are entirely negligible,
comparing with the residual BB spectrum of weak lensing.
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FIG. 4: The black lines show the residual B-mode power spectra caused by the cosmological birefringence with the rotation
angle |α| = 4.32◦. The solid line shows the case without de-rotating, the dashed line shows that the de-rotating is proceeded
when considering the Planck noises, the dash-dotted line is the case when considering the CMBPol noises, and the dotted line
is that for the noises of the reference experiment. The blue lines are exactly same with the black lines, but for the model with
the rotation angle |α| = 0.1◦. The red curve shows the original B-mode (upper line) and the de-lensed B-mode (lower line)
power spectra caused by the cosmic weak lensing.
Now, we repeat the calculation of signal-to-noise ratio for the gravitational-wave detection in Sec. II. But here, we
consider the residual BB power spectrum, instead of the total rotated BB spectrum, as the contamination. The results
are presented in Fig.2, where the dashed line denotes the result of the case where the Planck noises are considered
for the de-rotating, the dash-dotted line is that for the CMBPol noise case, and the dotted line is for the case with
noises of the reference experiment. We find that, for the Planck noise case, the decreasing of rmin is small. This
is because that the Planck noises are relatively high, and the reconstruction of the B-mode is quite weak, which is
consistent with the results in Fig.4. However, if the noises of CMBPol or the reference experiment are considered
for the de-rotating, the values of rmin are significantly reduced. Even if the rotation angle is |α| = 4.32◦, we have
rmin = 1.5 × 10−6 for CMBPol case, and rmin = 1.7 × 10−7 for the reference experiment case. We should mention
that, the residual BB power spectrum caused by cosmic weak lensing also follows a detection limit rmin = 1.5× 10−5
[38, 50, 51]. Comparing with them, we conclude that, if de-rotating the B-mode spectrum by considering the noise
level of CMBPol mission or the better experiment, the residual BB power spectrum becomes completely negligible
for the detection of relic gravitational waves in the CMB.
IV. CONCLUSIONS
The cosmological birefringence caused by the Chern-Simons coupling of the cosmic scalar field to the electromagnetic
field has the possibility to rotate the polarization planes of the CMB photons when they propagate from the last
scattering surface to us and to convert a part of E-mode polarization to the B-mode polarization. Such kind of
rotated BB power spectrum at late time forms a new contamination for the detection of relic gravitational waves
in the CMB. If the rotation angle α is close to the current upper limit value, we find that the gravitational-wave
detection is limited by this new noise if the tensor-to-scalar ratio is smaller than 0.0014.
In this paper, we suggest the method to partly reconstruct and subtract the rotated B-mode polarization by utilizing
the statistical properties of the estimators of E-mode coefficients Eℓm and the rotation angle α. We find that, if this
de-rotating is done by considering the noise level of the CMBPol mission or the better experiments, the residual
BB power spectrum can be reduced by more than two orders, even if the largest rotation angle is considered. The
residuals are much smaller than the de-lensed BB power spectrum caused by the cosmic weak lensing, and become
8negligible for the detection of gravitational waves.
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